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Optimal Transport with Constraints: From Mirror Descent to Classical Mechanics
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Finding optimal trajectories for multiple traffic demands in a congested network is a challenging task.
Optimal transport theory is a principled approach that has been used successfully to study various
transportation problems. Its usage is limited by the lack of principled and flexible ways to incorporate
realistic constraints. We propose a principled physics-based approach to impose constraints flexibly in
optimal transport problems. Constraints are included in mirror descent dynamics using the D’ Alembert-
Lagrange principle from classical mechanics. This results in a sparse, local and linear approximation of the
feasible set leading in many cases to closed-form updates.
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Introduction—Optimal transport in networks has impor-
tant applications in different disciplines, in particular in
urban transportation networks [1]. Congestion not only
increases travel time for users and decreases productivity,
but it also drives air pollution. Reducing congestion
and making transportation more efficient are also a core
objective for EU policies, as highlighted throughout the
EU Transport White Paper and the Strategic Plan 2020-
2024 [2,3].

The design of efficient transportation networks is a
complex task that requires a multifaceted solution. One
of these facets is the problem of finding optimal routes for
passengers. This is a well-studied problem in operations
research [4] where minimum-cost optimization is often
considered to model discrete flows and can be solved using
classical techniques from linear programming. In our
Letter, we consider the continuous case, where flows are
real-valued quantities. A variety of approaches have been
suggested to model transport in networks using techniques
from physics of complex systems [5,6]. Path optimality and
congestion control have been studied in discrete settings
[7-9] or using the cavity method [10,11]. These usually
rely on ad hoc algorithmic updates that depend on the
specific type of constraints. The computational complexity
of the ad hoc updates is greatly influenced by the
constraints. Other approaches have been proposed to
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investigate navigation in complex systems [12—18], where
the focus lies on investigating the properties of flows, rather
than their optimization, as we consider here. In addition,
these models often assume that passengers follow their
shortest paths, an assumption, which may not be satisfied in
practice. Adaptation dynamics [19-21] have been proposed
to model biological distribution networks. However, these
methods fall short of describing realistic scenarios where
transport flows are limited by constraints.

In the following we cast the problem of designing
efficient transportation networks under the broader frame-
work of optimal transport theory (OT) [22]. This has been
used to model and optimize various aspects of transport
networks such as network design [19,21,23,24] and traffic
flows [25-29]. These approaches guarantee a principled
and computationally efficient way of solving transportation
problems on networks. In addition, they model traffic
congestion with a single tuning parameter that enables a
transition between opposite traffic regimes, where traffic
congestion can either be consolidated or discouraged. In
standard OT methods, beyond few obvious constraints
(e.g., conservation of mass), the amount of flow passing
through an edge of the transportation network is uncon-
strained. As a result, traffic tends to concentrate on path
trajectories that may be structurally unfeasible, which
severely limits the applicability of OT models in real-world
situations, where, for example, roads have a limited
capacity of vehicles traveling at the same time. This Letter
proposes an approach to avoid this crucial flaw of OT
models by imposing constraints. Applying this approach
significantly impacts the overall network topology induced
by the optimal flows, as the resulting path trajectories have
different path lengths and traffic distribution than those
obtained from unconstrained scenarios.

Our approach has not only a solid foundation via the
principle of D’ Alembert-Lagrange from classical mechanics
[30], but also leads to algorithms that are computationally
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efficient and have a low implementation complexity. The key
idea is to consider mirror descent dynamics of an OT
problem, where constraints are included on a velocity level.
This leads to a sparse, local and linear approximation of the
feasible set which, in many cases, allows for a closed-form
update rule, even in situations where the feasible set is
nonconvex.

The model—In analogy with electrical grids or hydraulic
networks, we model mass flow on a transportation network
using conductivities and flows on network edges. We
consider a multicommodity scenario [26,31], where mass
of different type i =1,...,M can move along different
trajectories. The flow F’ of mass of type i along an edge
e = (u,v) can be described by F. = pu,(p,—pl)/t.,
where p! is a pressure potential at node u for passenger
of type i, £, is the length of the edge e, and p, its
conductivity. This latter quantity can be seen as propor-
tional to the size of an edge, and is the main variable of
interest in determining optimal trajectories. Once the
conductivity is known, the pressure differences can then
be calculated from Kirchhoff’s law, which in turn deter-
mines the flows F’, see Supplemental Material (SM) [32],
which includes Refs. [33-36]. In the absence of constraints,
the optimal conductivities are the stationary solutions of the
dynamics g = f, where

i iy2
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e

with F, = (F.,...,FM) and |-| denotes the Euclidean
norm. Intuitively, this equation describes a positive feed-
back mechanism where conductivities increase for larger
fluxes and decrease for negligible ones [19]. It can be
shown that the dynamics in Eq. (1) admits a Lyapunov
function 25 which can be interpreted as a combination of
the cost to operate the network and that of building the
infrastructure [26], see SM [32]. Moreover, we have that
f =—SV&;, where S is a diagonal matrix with diagonal

entries S, = 2l /¢, and Eq. (1) can therefore be seen as a
mirror descent for the cost function 53,; [37]. This scaling in
S has the advantage of ensuring good behavior of the
resulting numerical methods. One can also reinterpret
Eq. (1) as a classical gradient descent by applying a
suitable transformation [38], we do not explore this here.

Variants of these dynamics have been proposed to model
distributions over networks [20,21,27,39,40]. The constant
B €(0,2) regulates the desired transportation regime. The
setting f# < 1 penalizes traffic congestion by distributing
paths on more edges, # > 1 encourages path consolidation
into fewer highways, and f = 1 is shortest pathlike.

In addition to imposing Kirchhoff’s law on nodes to
ensure mass conservation, solving these dynamics outputs
otherwise unconstrained optimal y, and F, (see SM [32]).
While this may be enough in ideal cases, in more realistic
scenarios it is important to further constrain the solution.

For instance, structural constraints may limit the maximum
amount of flow that an edge can carry, or a budget
constraint may be used to limit the infrastructure cost
for building the network. Hence, the dynamics i = f must
be altered to account for these additional constraints.

There are many ways in which constraints can be added.
A popular approach is to add constraints on a so-called
position level, which leads to gradient inclusions in
continuous time [[41], Ch 3.4], and projected gradient
descent in discrete time. Unfortunately, the scope of
projected gradients is limited, due to the fact that projec-
tions can only be efficiently evaluated for constraints that
have a particular structure (such as a low-dimensional
hyperplane, the probability simplex, or a Euclidean norm
ball). When the feasible set is nonconvex and/or fails to
have a simple structure, evaluating projections is a com-
putationally daunting task. This motivates our formulation
(see also Ref. [42]), which includes constraints on a
velocity level and yields a sparse local and linear
approximation of the feasible set. As a consequence, the
updates for p can often still be evaluated in closed form (or
there is an efficient way of computing them numerically)
even though the underlying feasible set is nonconvex
or fails to have a simple structure. We will highlight
explicit examples of such situations in the remainder of
this Letter.

We define C := {u € RE,|g(u) > 0} as the set of feasible
conductivities u = (u., ..., ug), with g a constraint function
that we assume continuously differentiable and E is the
number of network edges. Interpreting y as a “position”
variable we can equivalently express the constraints in C in
terms of a “velocity” variable by imposing () € V. (u(1)),
where V,(u(1)) is the set of feasible velocities and a > 0 is
a constant typically referred to as a “restitution” parameter
or “slackness,” see Appendix for details.

For u(r) ¢ C and an active constraint i, the constraint
(1) €V,o(u(1)) s equivalent to dg, (u (1)) /i > —ag, (u(1)),
which ensures that potential constraint violations decay at
the rate @ > 0. The situation is visualized in Fig. 1(a).

In order to account for the velocity constraint g € V,,(u)
we augment the dynamics ¢ = f with a reaction force R

(a) Position

y&(ﬂz)

H2

(b) Velocity

v ak\"\

FIG. 1. (a) Visualization of the set C and the set of feasible
velocities V,(u;) and V,(u,) at points u; and u,, respectively.
Point x4, lies on the boundary of C, while y, is infeasible; a is a
restitution parameter. (b) When the vector field f is pushing away
from C, a force —R € Ny (1) is added to the dynamics to ensure

fE V().
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that forces the solution to remain within the desired
constraints:

o= f + R, with —Re NV(X(”) (/t), (2)
where Ny () denotes the normal cone of the set V,(u)
at ji. Because of the scaling of the gradient with S, the
normal cone is defined with respect to the inner product
(a,b) = a’S™'b, where a,beRE are arbitrary vectors.
This has the important effect of guaranteeing that £ (of the
unconstrained dynamics) is still a Lyapunov function also
in the constrained setting and that &4(u(#)) is monoton-
ically decreasing along the trajectories of Eq. (2). A
detailed derivation is included in the SM [32].

The addition of R ensures that even if f pushes u away
from C, as shown in Fig. 1(b), the force R, which is
orthogonal to the set V,(u), annihilates the component of f
that would lead to a constraint violation and ensures that
p€V,(u). As discussed above, we can therefore conclude
that u(0)eC = u(r)€C for all + >0 and u(0) ¢ C =
u(t) = C for t - oo.

In addition, we infer from Fig. 1 that the resulting s in
Eq. (2) is nothing but the projection of f onto the set V(1)
and as a result, we can rewrite j in the following way:

1
ji = argmin~ (v — f.v - ), 3)
veV,l(ﬂ)z

which can also be equivalently reformulated as the quad-
ratic program (QP)

1
= argmin= (v — £)7S (v — f). (4)
ITATE

This reformulation is not only useful for numerical
computations, but also highlights that the velocity g is
chosen, at each point in time, to match the unconstrained f.
Figure 1(a) visualizes the set C and the set of feasible
velocities V(1) and V,(u,) at points y; and u,, respec-
tively. Point u; lies on the boundary of C, while y, is
infeasible. We note that the cone V,(u,) includes an offset,
which is controlled by the restitution parameter «; this
ensures that any v € V, (1) leads to a decrease in constraint
violation. Figure 1(b) shows that when the vector field f is
pushing away from C, a force =R € Ny, (jz) is added to the
dynamics. The force R annihilates the component of f that
would lead to a constraint violation and ensures 1 € V,(u),
where /1 is chosen as close as possible to f. This can also be
interpreted as Gauss’s principle of least constraint. It is
important to note that V,(u) is a polyhedral set that only
includes the constraints /,, a subset of the original con-
straints g(u) > 0. The set V,(u) represents therefore a
sparse, local, and linear approximation of the feasible set.
The solution z of Eq. (3) can then be used to update the
conductivity with a discrete-time algorithm:

pt =t o, (5)

where 7 > 0 is the step size.

This general formalism can be applied to a variety of
scenarios, provided one can compute Vg, which determines
the set V(). We can then solve Eq. (4) by using numerical
solvers tailored to the QP, which then yields the update
Eq. (5). Additional details about the computational com-
plexity for solving Eq. (5) are described in the SM [32].
However, in important special cases, the optimization
Eq. (5) can be solved in closed form, as we illustrate
below with three relevant examples.

Capacity constraints—In cases of structural constraints
that strictly limit the amount of mass that can travel along
any given edge, one can consider capacities ¢, > 0 on
edges and set constraints as g,(¢) = ¢, — u,. The velocity
constraint v € V,,(u) in Eq. (3) reads as v, < ag,(u,), for
e €1,, which is strictly negative, since @ > 0 (SM [32]). As
previously discussed, a > 0 is a restitution parameter that
dictates the rate at which constraint violations decay. In
discrete time, one should choose @ > 0 such that ar < 1 to
guarantee convergence (see Ref. [42]). We can then solve
Eq. (3) in closed form for edges violating the constraint
obtaining v, = min{a(c, — p.), f.}. In summary, for each
edge e, we have

i = { a(ce = pe),

f. otherwise.

if fe 2 a(ce _/’te) and He 2 Co,

(6)

Figure 2 shows the path topologies with capacity
constraints on synthetic data, compared against the uncon-
strained case. We generate random planar networks as the
Delaunay triangulation [43] of N = 300 points in the plane.
We measure the Gini coefficient Gini(7') calculated on the
traffic on edges, defined as the E-dimensional vector 7" with
entries T, = >, |F.|/n, where n is the number of pas-
sengers. The coefficient has value in [0, 1] and it determines
how traffic is distributed along network edges, with
Gini(T) = 0, 1 meaning equally balanced or highly unbal-
anced traffic on few edges, respectively. The choice of the
edge capacity ¢, influences this value, with lower c,
imposing stricter constraint and thus encouraging traffic
to distribute more equally along the edge, i.e., lower Gini,
as shown in Fig. 2(a). Conversely, this implies longer routes
for passengers, as measured by an increasing average total
path length () =", ,;Z,|Fi|/n compared to the uncon-
strained solution, as shown in Fig. 2(b).

Budget constraint—As a second example, we consider a
global constraint that involves all the edges at once, a
budget constraint g,(u) =b—>, u,. This is relevant
when a network manager has a fixed limited amount of
resources b > 0 to invest. We note that, while the Lyapunov
function £; contains a similar budget term—the cost to
build the infrastructure—this cost is not regarded as a
constraint in standard approaches [20,26] but as part of the
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FIG. 2. Capacity constraint on synthetic networks. (a) Gini
coefficient of the traffic distribution on edges. The edge capacity
¢, = c is selected as a percentile of the distribution of u over
edges obtained in the unconstrained case (Unconstrained).
(b) Ratio of average total path length to that of Unconstrained,
(1) . Markers and shadows are averages and standard deviations
over 20 network realizations, with 100 randomly selected origins.
All passengers have the same central destination (square magenta
marker). (c) Example trajectory of one passenger type (green
color), whose origin is the green triangle marker. Edge widths are
proportional to the amount of passengers traveling through an
edge; f=1.8.

energy consumption, and the budget b is not a Lagrange
multiplier but a measurable constant. Furthermore, unlike
the previous case where including a positivity constraint
H, >0 is optional (but it can in principle be imposed as
well, see SM [32]), here we need to include that explicitly.
In the standard OT formalism positivity is ensured, pro-
vided pu, is initialized as a positive quantity. Adding
constraint may not preserve positivity anymore during
the updates, this is the case for the budget constraint, as
we observed empirically. Positivity is enforced by adding
gy(u) =p>0,ie,pu >0V e.

In this budget constraint setting, the conductivities violate
the constraint whenever Y, u, > b. We derive a closed-
form solution as s, = f, — S, Ay, if f, — S, 4, > —ap,, and
ft, = —au, otherwise, where 1, € R, a Lagrange multiplier
for the budget constraint, can be numerically determined via
fixed-point iteration (SM [32]).

Combining linear and nonlinear constraints—All the
previous examples considered linear constraints, where it is
simple to derive analytical solutions. In general, constraints
can be more complicated and thus require numerical
methods to solve the constrained QP in Eq. (3). In this
scenario, we consider a nonlinear budget constraint of the
form gs(u) = b — >, S > 0, where 5 > 0 is a nonlinearity
parameter. Setting § = 1 gives a linear budget constraint as
the one discussed earlier. A nonlinear example is a volume-
preserving constraint where 6 = 1/2, this is relevant for
biological processes such as leaf venation and vascular
systems [21,44]. This nonlinear budget induces the velocity
constraint >, uS"'v, < ags(u). In addition, we also

consider a capacity constraint as in the first scenario
studied above. Overall, three functions are required:
(i) gs(u) to impose nonlinear budget constraint; (ii) g, (u)
to impose edge capacity, and (iii) g, (u) to ensure positivity.
We derive the closed-form solution as

(X(Ce _ﬂe) iffe_Seléhe Za(ce _)ue)v He2C,
—Of, iffe_Se)“(?he <-ay,, He <0 (7)
f.—S,Ash, otherwise,

He=

where h, = 6ul! and As > 0. The value of As can
be determined numerically using fixed-point iteration
(SM [32]). The value a(c, —p,) ensures there is no
violation on the edge capacity, —au, imposes positivity
constraint, and f, — S,4sh, captures budget violation.
Overall, this scenario ensures that the velocity z, has an
upper bound of a(c, — u,) and lower bound of —au,. The
choice of § impacts the topological properties of the
resulting network, e.g., the total path length. In the
numerical experiments, we set the nonlinearity parameter
as 6€(0,1).

Grenoble network—We examine the topology of various
constrained solutions on the road network of the city of
Grenoble [45], see Fig. 3(a). This has 640 nodes and 740
edges. As a relevant example, we set the central bus station
as the destination node and select the remaining 639 nodes
as origins, but our method still applies to other choices of
origin-destination pairs, e.g., peripheral nodes connecting
to other peripheral nodes or to various hubs. This can be
specified inside Kirchhoff’s law, see SM [32].

Routes generated from the nonlinear constraint scenario
balance traffic more than the unconstrained case and result
in longer routes, see Figs. 3(b) and 3(c). Adding a budget
constraint for £ > 1 results in more distributed traffic
(lower Gini) without increasing much the total path length,
compared to the unconstrained case. This could be used for
instance to allocate to roads infrastructural works aimed at
maintenance or upgrade when having a restricted budget.

Discussion—Distributing flows in a transportation net-
work is challenging. Approaches based on optimal trans-
port theory are promising, but they are limited by the lack
of a mechanism to incorporate realistic constraints. We
show how to impose arbitrary constraints on OT problems
in a principled and flexible way. The constraints are lifted
from a position to a velocity level and are included in the
corresponding mirror descent dynamics. This results in a
scalable algorithm that solves constrained OT problems in a
computationally efficient manner. The algorithm relies on a
sparse local approximation of the feasible set at each
iteration. Thus, closed-form updates can often be derived,
even if the underlying feasible set is nonconvex or non-
linear. Otherwise, one can resort to efficient numerical
methods to solve at most a quadratic program. Our physics-
based approach is a change of paradigm with regard to how
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FIG. 3.

Constrained OT on Grenoble road network. (a) Path trajectories for the unconstrained OT (Unconstrained), budget constraint

(Budget), and a nonlinear budget plus capacity (Nonlinear). We set b = %Ze u,, where p, is that of unconstrained, § = 1/2 and ¢, = 70
for all edges. Example trajectories of two passenger types (green and orange), whose origin are the respective triangles. All passengers
have the same central destination (magenta marker). Edge widths are proportional to the amount of passengers traveling through an
edge. (b) Gini coefficient of the traffic distribution on edges. (c) Ratio of average total path length to that of Unconstrained. Markers and
shadows are averages and standard deviations over 100 randomly selected destinations, respectively.

OT problems are modeled and solved numerically. This
calls for a generalization of transportation problems in
wider scenarios, e.g., in networks with multiple transport
modes [28], with real-time traffic demands [46], or with
noise-induced resonances [47].
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End Matter

Appendix A: Details about setting the constraints—We
define C:={ueRE|g(u) >0} as the set of feasible
conductivities = (uy,...,ug), Wwith g a constraint
function that we assume continuously differentiable
and E is the number of network edges. We focus on
those edges where constraints are not satisfied, and
denote the set of active constraints for a given u as
1, ={i€Z|g;(u) <0}. Interpreting x as a “position”
variable, a constraint to ensure u(t) €C, V ¢ >0, can be
equivalently formulated as a constraint on its velocity
p(t)eTe(u(t)), VY t>0, with u(0)eC, where T¢(p)
denotes the tangent cone of the feasible set at yu, see
Ref. [49]. However, it will be convenient to slightly
extend the notion of tangent cone to also account for
infeasible initial conditions (this is particularly important
for the discretization), which is achieved by imposing
ju(1) €Va(u(1)), where V,(u) = {v € R¥[Vg(u)'v >
—ag;(u), i €1,}, and a>0 is a constant typically
referred to as a “restitution” parameter or ‘“slackness.”
We note that V,(u) generalizes the notion of the tangent
cone, since for ueC, V,(u) =Tc(u). We assume
mild regularity conditions (constraint qualification). A

sufficient condition is, for example, the existence of
v € RE such that Vg;(u)"v > 0 for all i€l,.

For u(t) & C, the constraint i(t) € V,(u(t)) is equiv-
alent to dg; (u(1))/dt > —ag;(u(t)), i € I,,(;), which ensures
that potential constraint violations decay at the rate o > 0.

Appendix B: Details about our method—From a
variational optimization perspective, our approach is
related to successive linear and sequential quadratic
programming [50-52]. The underlying idea of these
methods is to linearize the objective function and the
constraints about the current iterate and to solve a local
linear and/or quadratic program. Our Letter improves
upon these ideas and tailors these to optimal transport
problems in the following way: (i) we linearize a subset
of constraints at every iteration, which means that the
subproblem Equation (3) typically includes very few
constraints and can be solved efficiently; (i) we introduce
a non-Euclidean inner product that is adapted to optimal
transport problems and is used to show that 25 is a
Lyapunov function; (iii) we provide closed-form updates
in various problem instances that are practically relevant.
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DETAILED MATHEMATICAL DERIVATIONS OF OPTIMAL TRANSPORT WITH CONSTRAINTS

Here we present in more details the mathematical derivations of the results presented in the main text. Specifically,
we consider the three examples of constraints described in the main manuscript: capacity on edges, budget, and a
third constraint that combines a linear capacity constraint and a non-linear budget constraint.

In the following we denote as F the set of network edges and E = |E| is the number of edges.

Capacity constraint

The first case considered is that of a local and linear constraint where we assign a capacity on individual edges
such that conductivities cannot be larger than the prescribed capacity. This is relevant in situations where struc-
tural constraints prevent a large amount of mass to travel on individual network edges without compromising the
infrastructure. Mathematically, we define for each e € E the constraint as:

o () = Ce— pe (S1)

where c, is the capacity imposed on edge e. This is a parameter that a user can enter as input and can be different for
each edge. In the numerical experiments in the main manuscript we assume ¢, to be equal for all edges for simplicity,
but the theory here is not impacted by this choice.

By considering a vectorial representation of the constraint where g.(u) € RE is the vector with entries g.. (), this
definition also implies that we have a constant derivative V,,_ gc, () = =1 < 0. The constraint v € V,(u) required to
solve the minimization in Eq. (3) implies:

Vge(p) vz -age(n) = —v2-alc-p) = wv<alc-p) . (S2)

Solving the quadratic program minimization is simple in this case. For an edge that violates the constraint there
are two possibilities: either i) pf=2|F.|> = e > ace — pe) or ii) pl=2|F.|? - pe < alce — pe). In case i) we obtain
that v, = a (ce — e ); while in ii) we have ve = (u?2|F.|> - e) = f.. However, case i) results in a reduction of the

constraint violation, as we have ugﬁl) = ,ugt) +T Ve = MS) +7 v (Ce — pre ), where 7 > 0 is the algorithmic step size. Hence,
Mgtﬂ) —ce<(1-ar) (uét) - ¢¢), which means that the constraint violation ugt) - ¢, decreases at the exponential rate

a > 0. Thus, « controls how quickly the constraint violations decay. It controls the trade-off between reducing the
objective function (encouraged by small o) and converging to the feasible set (encouraged by larger «) [1]. In discrete
time, a7 should be chosen so that 0 < a7 < 1 to guarantee convergence. Hence, solving the quadratic program for the
setting of capacity constraints gives v = min{a g.(u), f}. In summary, for e such that p. > c. (constraint violated),
we have:

/le={a(%_“€) if feza(ce-pe) (53)

Je if fo<a(ce—pe)
The algorithmic update is then ugﬂl) = ugt) + QT fie, with 0 <7 <1 and fie as in Eq. (S3).
Note that in the analytical result of Eq. (S3) we did not impose any additional positivity constraint p. > 0. This
was not necessary in our empirical results, as we never found it violated, provided one initializes p. > 0 at the
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first iteration. We will show the importance of this additional constraint in subsequent sections when considering
constraints other than the capacity. To impose a positivity constraint, we need to enforce an additional constraint of
the form g,(p) = p > 0. In the velocity space, this translates to v > —a p. Element-wise, the solution will be of the
form v, = max{fe,—~ap.}, Ve € E such that p. < 0. The analytical solution in addition to positivity constraint is
summarized as:

a(ce_,ue) if fe2 O‘(Ce_,u'e)

[l = (S4)
—Q fhe otherwise

for all e € E such that u. <0.

Budget constraint

Here we illustrate our formalism to fix the global network budget b. Formally, we have:

gp(u) == po - (S5)
ecE
In words, the conductivities p = (u1,...,ug) violate the constraint whenever their sum is greater than the input

budget b > 0. As this involves all the conductivities at once, we need to solve Eq. (3) in vectorial form, i.e., for an
input array v = (v1,...,vg) of dimension E. We also have Vg(u) = (0g/0u1,...,09/0ug), hence

Va(wTo= 3 22U S 1) s - S s mag(n) = X <am(n) - (56)

eclE 0 € eckE ecE ecE

This means that some v, are allowed to be positive, as long as their contribution is compensated by other negative
ones, such that their overall sum is lower than a g, (). Notice that beyond this budget constraint we need to guarantee
the fundamental constraint that conductivities have to be positive quantities. Formally, this can be enforced by adding
the following additional constraint:

gp(p) =p>0 . (S7)

In the velocity domain this translates into Vg,(u)Tv = v > —a u; element-wise, this means v, > —a i, Ve € E such

that pe <0.
To derive the closed-form solution in this budget constraint case, we thus minimize

1
argmin{ ZS’e_l(Ue—fe)Q} ) (S8)
Ve 2 eeE

subject to the following two constraints:

zvega(b—Zue) i b Y (9)

ecE ecE eeE
Ve 2 —Qfle, Vee€ E such thatpu. <0 . (S10)

To derive the closed-form solution in this case, we can add a Lagrange multiplier for the budget constraint and
solve an auxiliary constraint minimization problem with a modified cost function defined as:

L(v, ) = % %Sgl(ve—fef +Ab(%ve—a(b— Z}Eue)) . (S11)

We then want to solve:

i L(v, A . S12
v:vczaurg,uvr(lzeE:yCSO I/\nb%( (,U7 b) ( )

Defining 1p = (1,...,1) the E-dimensional vector with entries all equal to 1 and using a vectorial representation
(where 1Lv = ¥, g ve), this is equivalent to solve:

1 R
arg min gw”%w¢W+M@wa&%mﬁ , (S13)

ViV 2 e, VeEE: 11 <0



where )\, denotes the optimal multiplier. Equivalently, the above problem can be reformulated as

arg min {%|S_1/2(v—f+SAb1E)|2} = arg min {%|v—f+5’)\b13|2} . (S14)

VU2 e, VeEE: 11<0 VIV 2 e, VeeE: 1 <0

For an edge such that u. <0, this has the following closed-form solution:

fe_SeAb if fe—Se)\bZ—oz‘ue
fre = (S15)
—Q e if fe - Se>\b < = e

Estimation of \p

Imposing the budget constraint, and defining I,(\y) = {e € E| fe — SeAp < —arpie and i < 0} as the set of edges that
violate the positivity constraint (both in position and velocity), we obtain that the condition ZeEE\Ip()\b)(fe -S. ) -
QO Ve, (ny) e < a gp(p) must be satisfied to ensure Eq. (S9). This inequality determines the value \y. In addition we
can make the following case distinction (complementary slackness) Ay =0 <= Yocpar,(0) fe = @ Xeer, (0) He < agp(1)
and \p >0 <= Teepar, (a,) (fe = SeAb) =@ Xeer, (a) e = agp(pt). In the former case the solution v to Eq. (S8) is given
by Eq. (S15) with A, = 0. In the latter case we compute )\, with a fixed-point method and define:

eeENI,(Ay) fe -« Zeelp(kb) He — (b - ZeEE ,ue)
ZeeE\Ip(/\b) Se

2
ky(Np) = (S16)
The multiplier A, is then computed as )\l()aﬂ) = kb()\l()a)), where initial value of )\l()o) can be chosen for instance as

0 .
)\l() ) = MlNe:y, <0 and fo+a pe >0 {fe + aﬂe}-

Combination of linear and non-linear constraints

We now consider a more complex scenario where we combine the capacity constraint with a non-linear generalization
of the budget constraint. Specifically, we consider three functions for the constraints, a local capacity constraint
ge(p) : RF - R¥ | a local positivity constraint g,(u) : R - R and a global budget constraint gs(u) : R¥ — R
These functions are defined as:

ge(p) =c-p (S17)
9p(p) = (S18)
gs(u) =b= 2 pd (S19)

where b > 0 and § > 0 are a budget and a scaling parameter, respectively. We recover the linear budget constraint for
0=1.

The constraint on v that result from the capacity constraint in Eq. (S17) required to solve Eq. (3) have been derived in
Section “Capacity constraint”. The function g, (u) imposes the positivity constraint, which means that each individual
edge has to have . > 0. The constraint g,(x) induces the following velocity constraint

Vgpe (/J')T Ve 2 = [le == Ve 2 —OQlfle (320)

for all e € E such that u. <0.
Similarly, we solve the non-linear budget constraint as follows

Vgs(u) vz —a(b- Y ul) = Y oul tve<a(b- Y pl) (S21)
eclE eel eclE

as long as b< ¥, pl. To derive the closed-form solution in this case, we minimize

mln{; Z Sel(ve_fe)Z} ) (822)

v
© ecE



subject to the following three constraints:

> Spd e < a(b— > ,ug) , if b< Yy l (S23)
eeF eeF eel
Ve 2 —Q e, Vee€FE such that pue. <0 | (S24)
Ve S (Ce — fte), Ve € B such that pe >ce . (S25)

To derive the closed-form solution in this case, we can add a Lagrange multiplier for the non-linear constraint and
solve an auxiliary constraint minimization problem with a modified cost function defined as:

L, (v,)\s) = % > S (e = fo)* + )\5(2 ot - a(b— > ,ug)) , (S26)

eck ek eckE

where \s > 0. We then want to solve:

min max L,(v,As) . (527)

ve<a (Ce—fe), VeeE: pe>ce
Ve>—Qpe, VeeE: <0

Defining h = § (,u‘{‘l, e ,u%‘l) and using a vectorial representation (where h'v =¥, g 5u‘2_1ve), this is equivalent to
solving

1
argvmin {§|S_1/2(v — PP+ Xk v -aX; g(;(u)} , (S28)

Ve (Ce—fhe), Ve€E: pe>ce
Ve2—Qple, VeeE: <0

where A\s > 0 denotes the optimal Lagrange multiplier. Equivalently, by completing the square and ignoring terms
that do not depend on v, the above problem can be re-written as

1 1
arg min {§|Sfl/2(v -+ S/\(;h)|2} = arg min {i\v -+ S)\5h|2} . (S29)
Vel (cc—y‘ﬁ;); VeeE: pe>ce Vel (cc—,ucq)},. VeeE: pe>ce
Ve2—Qle, Ve€E: 11.<0 Ve2—Qfle, VeeE: <0

The analytical solution to Eq. (529) is given by

a(ce—pe) I fe=SAshe>a(ce—pe), Ce<pre

,L.Le =G lUe if fe_Se/\§ he <—Qlle, fe< 0 ) (830)

fe—S.Ashe otherwise

The analytical solution /i, is bounded, and a typical plot of uf with respect to f! is shown in Fig. S1. We note that
the value of ! is also dependent on § and b, which determine \s as discussed in the next section.



alce —fte) + - - =

v

_____ - e

FIG. S1. This plot shows i as a function of f! (typical situation, the function also depends on § and b). The solution is
expected to move at most by « (ce. — pe) and at least by « pe.

Computation of s

By imposing the non-linear budget constraint, and defining I,(As) = {e € E | fe — SeAs he < —a fte, and pe < 0} the set
of edges that violate the positivity constraint, and I.(As) = {e € E | fo = Se A\s he > a (ce — pte), Ce < e} the set of edges
that violate the capacity constraint. We obtain that Yccp.z,,(rs)(fe = SeAs) =@ Teer, (as) (Ce = He) =@ Teer, (a5) He <
ags(p), must be satisfied for the minimizer in Eq. (S22), where Ipc(As) = Ip(As) nI.(As). We again make a case
distinction on As 2 0. If YXeepas (0) fe = @ Xeer, (0)(Ce = pe) = @ Leer (0) He < @gs(p) holds, As = 0. Otherwise As > 0
and Yeepar,.(r) (fe = SeAs) = @ Xeer, (as)(Ce = He) = @ Xeer, (rg) He = ags(p), which is solved by fixed-point iteration.
To that extent we introduce

eeENIpe(Xs) fe - Zeelc()\g)(ce - /’Le) -« ZeEIp()\,;) He — (b - ZeEE /’Lg)
ZeeE\Ipc()\(;) Se

ks (Ag) = 2 , ($31)

g‘”l) = k:(;()\ga)) until convergence.

The guess for an initial value is \(*) — § = MiNe:y, <0and fo+a o0 {fe + @ e}

and iterate As as follows A

CONSTRAINED OT ADMITS LYAPUNOV FUNCTION

This section shows that the Lyapunov function of the unconstrained case is still valid when adding the auxiliary
force R that imposes the constraints.
The Lyapunov function for the dynamics f in the unconstrained case is the one given in [2]:

1 . . 1
Lg=2 () @+ = S 2P (832)
’ 2j§“§ -5 &

where N denote the set of nodes and ¢ € N denote the inflow-outflow rate of each passenger type j such that
2o =0. ,

To prove that the Lyapunov function is well-defined, we show the following expressions i) £z > 0, ii) £5 < 0 and iii)
25 =0 if and only if p is a stationary point for the dynamics.

The first (energy dissipation) and second (transport cost) terms of Eq. (S32) are non-negative, hence £4 satisfies the
inequality £z > 0.



Now we prove claim ii), i.e. Qﬁ < 0. First, notice that

L5=veL L (S33)
=~(f.11) (534)
= _(:LLMLL) + <R’ :u> ) (835)

where in Eq. (S34) we used 0£3/0pe = —;ﬁ fe [2] and in Eq. (S35) we used 1 = f + R.

The inequality —(f1, i) = -7 S~! 1 < 0 is valid because it results in a non-positive sum of squares. Thus, the remaining
task is to prove that (R, 1) < 0. The stationarity condition of Eq. (3) can be expressed as:

(57U a-1) (v-i)20, YoeVa(n) | (S36)

where the first factor is the gradient of the cost in Eq. (3) with respect to v, the second factor is the variation of v
and the positivity is due to 1 being the minimizer. Using i = f + R, we get (R,v — 1) >0 for all v e V,(u).

Now, if u € C (p is feasible), then V() is a (convex) cone and therefore 0 € V,,(1). Hence, we can choose v = 0 in
the previous expression, yielding (R, —i1) >0 = (R, 1) <0. Hence 35 <0.

To prove claim iii), we have established (R, /i) < 0 and assuming that p(t) > 0, we deduce the following:

L5=0 <= (4,0)=0, (R,z)=0 (S37)
— =0 , (S38)

where /i = 0 means 0 = -SVEs + R, with ~R € Ny, (,,)(0). Additionally, we have established () € C, ¥t and therefore
Vo(u) =To(p). As a result:

f1=0 < -SVEs e Nr (,)(0) (S39)
— (-SVELs,v) <0, VYvelo(u) , (S40)
—= VL) w20, YoeTo(p) . (S41)

This means that p corresponds to a stationary point, specifically a local minimum. (Note that we have used the
simplifying assumption that g > 0 in the above argument.)

ALGORITHMIC IMPLEMENTATION

This section presents the algorithmic implementation of the constrained OT method in Eq. (3).
We denote as I the set of indices denoting the constraints, so that each constraint function is written as g;(u), with
i € I. Furthermore, Kirchhoff’s law is defined as:

VI
ZBvng: ZBveue(pZ 7) =¢, j=1,...,M;e=(u,v) , (S42)
eell eell e

where p? is the pressure potential of type j on node u; B, is the network incidence matrix with entries B, = 1,-1,0
if node v is the start, end of edge e, or neither of these, respectively; and ¢/ is the amount of mass of type j entering
or exiting at node v. The quantities ¢/ are fixed and given by the problem formulation. Similarly, both the lengths
{¢.} .. and the matrix B are fixed as determined by the input graph G(V, E)). Hence, the quantities that need to be
evaluated are the conductivities {ft},. and the pressure potentials {pﬂ}uev ,Vi=1,..., M, which in turn determine
the fluxes vectors {F.} .. Given the ju, we can obtain the pressure potentials as pJ = ¥, (L?)], ¢/, where L’ are
elements of the ;7 /¢-weighted graph Laplacian, and { denotes the Moore-Penrose inverse.

The algorithmic implementation of the constrained OT method is described in Algorithm 1.



Algorithm 1 Constrained OT Method

1: Input: Graph G(V,E), M, 8, at € (0,1], g, {a} Yvev.je1.,.. 1
2: Initialize: ¢t < 0, u' (e.g. sampling as i.i.d. p’ ~ Unif(0,1))
3: while convergence not achieved do

4 {p }uev.je1.... 1 < solve Kirchhoff’s law (Eq. (S42)) for {p} given p' and {¢? }vev je1,... 0

5: f* < compute the gradients

6 L {hou' < ()

7 for ¢ in I do

8 if gi(n) <0 then

9: Iutelutu{i}
10: w' e w' U{vg(u)}
11: end if
12: end for
13: " < solve the dynamics in Eq. (4) as follows > (Note: The objective and constraints are of (max) size |E|).

. _ 2
. arg mlnveVa (ut) {% |S 12 (U - f)| }
[t < SOLVE subject to:

wi vz —a{gi(pn') et
14: Update the dynamics: p'*' < pl + 748, t<t+1

15: end while
16: Output: Fluxes {Fe}ccp and conductivities {fte} .5 at convergence

To determine convergence we use the result in [2] that the stationary solution of the dynamics minimizes the
transport cost:

Jg =3 LlFel" (S43)

ecE

where T'=2(2-3)/(3-08).

COMPUTATIONAL COMPLEXITY

The computational complexity of solving the OT-constrained problems described in the main manuscript depends
on a variety of factors, in particular on the choices of the transportation regime g and on the specific constraints
selected. Both of these factors can make it harder to search the solution space. Giving a precise theoretical charac-
terization of the overall complexity is challenging, but we can discuss the complexity of individuals steps.

The complexity of the unconstrained problem is dominated by the cost of solving Kirchhoff’s law. In our implemen-
tation, we carry out this operation by means of a sparse direct solver (UMFPACK, Unsymmetric MultiFrontal sparse
LU Factorization [3]) that performs a LU decomposition for each column of the matrix version of the right-hand side
of Eq. (S42). The total computational complexity of this process scales as O(Mny,y,,), where 7y, is the number
of non-zero entries of the Laplacian L. This computational complexity could in principle be further reduced using
multigrid methods [4]; we do not explore this here.

The constrained case requires further solving the quadratic program, which, if solved via an interior point method,
roughly takes O(E3®) elementary operations (there are E decision variables and at most E constraints, where E is
the number of edges) [5]. We note however, that this is a conservative estimate and that interior point methods are
in practice often much faster than their worst-case complexity estimate. In case of capacity constraints, the solution
of the quadratic program can be carried out in O(F) steps in the worst-case, when all constraints are active. In
addition, in case of the (nonlinear) budget and capacity constraints each fixed-point iteration has complexity O(E),
and in our experiments we required less than ten fixed-point iterations for convergence.

In addition to these theoretical considerations, we show results from numerical experiments to assess how various
configurations scale with the network sizes N and E. Specifically, we investigate the running (in seconds) of four
methods, namely the Unconstrained, Capacity contraint, Budget constraint, and Non-linear constraint, on network of
varying sizes (generated synthetically as in the other experiments presented in this paper) and for two regimes of 3,
as shown in Fig. S2. The methods were implemented with Algorithm 1.



We observe that Non-linear constraint is the type of constraint that is the slowest to run, possibly because of solving
numerically the auxiliary optimization problem, which can be done analytically in the other cases.
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FIG. S2. Running time as a function of N and E. We show two scenarios of 3, i.e., penalizes traffic congestion (8 < 1) and
encourages path consolidation (8 > 1). Markers and error bar are averages and standard deviations over 10 network realizations.
Other settings: 0 =1/2, cc =75, and b = % e the, Where pie is that of Unconstrained.

ADDITIONAL EXPERIMENTAL RESULTS

Synthetic network generation and OD pairs

We generated a planar network to mimic a real transport network. To construct this network, we positioned N = 300
nodes randomly within a unit square domain (i.e., [0,1] x [0,1]) area, and its Delaunay triangulation is extracted.
As a last step, we ensure only edges within a specified distances are retained. This layout forms our initial network
structure, resembling a planar graph.

To set the traffic demands (i.e., origin-destination pair) we rewire all origin-destination pairs to a central destination.
However, our method applies to any other choice of traffic demands as origin-destination pairs. Specifically, we can:

e rewire each origin to a random and unique destination (i.e., heterogeneous destinations),

e also route a ratio of these origins to a common central destination (i.e., say 45% has a monocentric destination),
whereas the remaining ratio of origins (55%) have heterogeneous and random destinations.

These scenarios do not require any modification to the structure of the proposed algorithm, and can be accounted for
when computing the pressure potentials with Kirchhoft’s law (see [6] for examples).

Additional results on real and synthetic networks

This section provides more results to support the ones presented in the main paper.

We measure the Gini coefficient and average path length on the synthetic network, shown in Fig. S3, and that
of Grenoble network in Fig. S4. Fig. S5 shows the toplogies for § = 0.6 and 8 = 1.0, in addition to Fig. 3 of main
paper. We illustrate (as addition to Fig. 3 of main paper) the edge-wise differences between the algorithms and the
unconstrained case in Fig. S6.
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FIG. S3. Results over varying S on synthetic networks. (A) Gini coefficient of the traffic distribution on edges. (B) Ratio of
average total path length to that of the unconstrained OT method, denoted as (1)7. Markers and shadows are averages and
standard deviations over 20 network realizations, with 100 randomly selected origins for each network realization. All passengers
have the same central destination. Settings: N =300, § = 1/2, c. =70, b= % Y te, where pi is that of unconstrained.
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FIG. S4. Results on Grenoble bus network. (A) Gini coefficient of the traffic distribution on the network edges. The edge
capacity ce is the percentile of p from f, and varied between low, medium and high capacities. Varying ce helps to understand
how the size of highway impacts the traffic. Setting a low capacity optimizes traffic better than high values. (B) The ratio of
average total path length to that of the unconstrained OT method. These results are averaged over 100 randomly selected origin-
destination pairs. The origin-destination pairs have been selected so that all the passenger types have a central destination.
Markers and shadows indicates average and standard deviation, respectively.
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FIG. S5. Constrained OT on Grenoble road network. (A-B) Path trajectories of the Grenoble road network for the uncon-
strained OT (Unconstrained), using a budget constraint (Budget); a capacity constraint and a non-linear budget (Non-linear).

Other settings are the same as in Fig. 3.
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FIG. S6. Edge-wise difference only plots on Grenoble bus network. We compute the difference of traffic on edges as Ty — T.'
where T and T, denote the traffic for constrained and unconstrained methods, respectively. Other settings are the same as in

Fig. 3.
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